Abstract. In this paper, we show that isotropic Lagrangian submanifolds in a 6-dimensional strict nearly Kähler manifold are totally geodesic. Moreover, under some weaker conditions, a complete classification of the J-isotropic Lagrangian submanifolds in the homogeneous nearly Kähler S 3 × S 3 is also obtained. Here, a Lagrangian submanifold is called J-isotropic, if there exists a function λ, such that g((∇h) (v, v, v), Jv) = λ holds for all unit tangent vector v.
Introduction
Nearly Kähler (abbrev. NK) manifolds are a special class of almost Hermitian manifolds with almost complex structure J satisfying that∇J is skew-symmetric. In 1970s, A. Gray made systemically studies on the geometry of NK manifolds (cf. [13, 14] ). Towards the important problem of classifying the NK manifolds, P. A. Nagy made significant contributions on the decomposition of complete, simply connected, strict NK manifolds, and in his works [21, 22] it was shown that 6-dimensional NK manifolds play an distinguished role for the study of generic NK manifolds. In [2, 3] , J. B. Butruille further proved that homogeneous 6-dimensional NK manifolds must be the NK S 6 , S 3 × S 3 , the complex projective space CP 3 and the flag manifold SU (3)/U (1) × U (1). On the other hand, we would mention the recent remarkable development that L. Foscolo and M. Haskins [12] have constructed inhomogeneous NK structures on both manifolds of S 6 and S 3 × S 3 .
Amongst the geometry of submanifolds of the NK manifolds, most researches concentrate on the homogeneous NK S 6 , and there are rich literatures (cf. [4, 5, 6, 11, 18, 26] and the references therein). We also noticed that recently a broader study of submanifolds in NK manifolds was investigated in [24] by Schäfer and Smoczyk. In this paper we mainly restrict to study submanifolds of the homogeneous NK S 3 ×S 3 .
Recall that a submanifold of an almost Hermitian manifold is called almost complex, if the almost complex structure J preserves the tangent space. The study of almost complex surfaces of the homogeneous NK S 3 × S 3 was initiated in [1] , where all almost complex surfaces with parallel second fundamental form were classified. In [7, 8, 16] , we can find further developments on the study of the almost complex surfaces in NK S 3 × S 3 .
Recall also that a submanifold M of an almost Hermitian manifold N is called Lagrangian, if the almost complex structure J interchanges the tangent and the normal spaces and thus the dimension of M is half the dimension of N . After the fruitful study on the Lagrangian submanifolds of the NK S 6 during the past several decades, in recent years the study of the Lagrangian submanifolds of the homogeneous NK S 3 × S 3 attracts much attention. It is well known that both factors, S 3 × {pt} and {pt} × S 3 , and the diagonal {(x, x) | x ∈ S 3 } are examples of totally geodesic Lagrangian submanifolds in the NK S 3 ×S 3 , in addition to these simplest ones, A. Moroianu and U. Semmelmann [20] constructed several interesting and new examples of Lagrangian submanifolds of the NK S 3 × S 3 . In fact, as usual denoting H the quaternion space with i, j, k its imaginary units and regarding the unit 3-sphere S 3 as the set of all the unit quaternions in H, it was shown in [20] that the graphs of the product of some simple functions on S 3 yield Lagrangian submanifolds of the NK S 3 × S 3 with significantly properties. Furthermore, very recent investigations reveal that actually all the totally geodesic Lagrangian submanifolds can be produced in such natural way (see [28] ), and so do the Lagrangian submanifolds with nonzero constant sectional curvature (see [9] ). In this respect, we would introduce the following interesting result: In fact, as the main result of [28] , after finishing the proof of Theorem 1.1, a complete classification of all totally geodesic Lagrangian submanifolds of the homogeneous NK S 3 × S 3 was explicitly demonstrated, which consists of six non-congruent examples.
Still focusing on the study of Lagrangian submanifolds of the NK manifolds, in this paper we first study its subclass of the so-called isotropic ones. According to B. O'Neill [23] , a submanifold of a Riemannian manifold is called isotropic if and only if for any tangent vector v at a point p, we have the relation that
where h denotes the second fundamental form of the immersion and µ is a non-negative function on the submanifold. Similarly as for Lagrangian submanifolds of Kähler manifolds, studied by Montiel and Urbano [19] , in present setting the following result holds, which gives a remarkable counterpart of Theorem 1.1.
Theorem 1.2. A Lagrangian submanifold of any 6-dimensional strict NK manifold is isotropic if and only if it is totally geodesic.
We remark that Theorem 1.2, together with Theorem 1.1, implies that for Lagrangian submanifolds of any 6-dimensional strict NK manifold the isotropic condition is equivalent to the condition that the second fundamental form is parallel. As generally a Lagrangian submanifold of arbitrary 6-dimensional strict NK manifold is not obviously curvatureinvariant (see [19] for the notion and (2.10) for the assertion), Theorem 1.2 gives a meaningful generalization of Proposition 1 in [19] which states that if a Lagrangian submanifold in a Kähler manifold is curvature-invariant, then the constant isotropic condition implies that the second fundamental form is parallel.
Next to isotropic submanifolds which correspond to satisfying the restriction (1.1), for Lagrangian submanifolds of a NK manifold, one can further consider the subclass of Lagrangian submanifolds which satisfy the condition that for any tangent vector v at a point p, we have the special isotropic relation
for a function λ on the submanifold. For simplicity, a Lagrangian submanifold satisfying (1.2) will be called as J-isotropic. In particular, following the terminology of [10] (where the authors only considered the NK S 6 ), we will call a J-isotropic Lagrangian submanifold with vanishing λ being J-parallel.
Recall that Djorić and Vrancken [10] proved that for Lagrangian manifolds of the homogeneous NK S 6 , the notions of J-isotropic and J-parallel are in fact equivalent (Theorem B in [10] ), whereas the J-parallel condition gives more examples than that of parallel second fundamental from. In fact, by the classification Theorem A in [10] , besides the totally geodesic 3-sphere, there are two other examples of J-parallel Lagrangian submanifolds in the homogeneous NK S 6 .
The main purpose of the present paper is to extend the results of [10] by replacing the ambient homogeneous NK S 6 with the homogeneous NK S 3 × S 3 . Although the NK S 6 is a space form whereas the NK S 3 × S 3 is much more complicated with the particular properties that it is even neither locally symmetric nor Chern flat (cf. [16] ), it turns out that, once overcoming the difficulty brought by the complicated expression of its Riemannian curvature tensor, we can still succeed in achieving a complete classification of the J-isotropic Lagrangian submanifolds in the homogeneous NK S 3 × S 3 . To speak
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Define the following Hermitian metric g
are tangent vectors and ·, · is the standard product
, where∇ is the Levi-Civita connection of g.
As usual we denote the tensor field∇J by G. Straightforward computations show that G have the following properties (cf. [1] ):
It is easily seen that the operator P is compatible and symmetric with respect to g, and it is anti-commutative with J. We particularly mention that P plays an important role in the study of submanifolds of the homogeneous NK S 3 × S 3 . The following formula allows to express∇P in terms of P and G (cf. [1] ):
By definition, the above useful relation immediately yields
The curvature tensorR of the homogeneous NK S 3 × S 3 is given by (cf. [1] ): [24] (see also [15] ), M is orientable and minimal, and that G(X, Y ) is a normal vector for any X, Y ∈ T M . We denote by ∇ and ∇ ⊥ respectively the induced connection and normal connection on M . Then the formulas of Gauss and Weingarten can be expressed as∇
where h is the second fundamental form, and it is related to the shape operator A ξ by g(h(X, Y ), ξ) = g(A ξ X, Y ). From (2.11) and the property of G, we derive
Clearly, the second formula in (2.12) shows that g(h(X, Y ), JZ) is totally symmetric. Denote the curvature tensor of ∇ and ∇ ⊥ by R and R ⊥ , respectively. Then the equations of Gauss, Codazzi and Ricci are given by
Applying the equations of Gauss and Ricci, and using (2.10) as well as (2.12), we find
Related to ∇h, we also have the following useful formula (cf. Lemma 2.3 in [28] ):
Define the second covariant derivative
Then ∇ 2 h satisfies the Ricci identity
Since M is Lagrangian, the pull-back of T (S 3 × S 3 ) to M splits into T M ⊕ JT M . We can consider on a dense open set of M , and choose an orthonormal frame field {e 1 , e 2 , e 3 } such that (cf. [9] , p.8) (2.19) P e 1 = λ 1 e 1 + µ 1 Je 1 , P e 2 = λ 2 e 2 + µ 2 Je 2 , P e 3 = λ 3 e 3 + µ 3 Je 3 ,
is an even permutation of (123),
is an odd permutation of (123), 0, otherwise.
Denote by ω k ij the coefficient of induced connection, determined by
In [9] , applying the properties of P , it was proved that the angle functions {θ 1 , θ 2 , θ 3 } satisfy the following important relations:
With respect to the above chosen frame field {e 1 , e 2 , e 3 }, we have
It is worth noting that the angle functions {θ i } 3 i=1 play an important role in the study of Lagrangian submanifolds of S 3 ×S 3 . In fact, by carefully analyzing the angle functions, a complete classification of the Lagrangian manifolds in the homogeneous NK S 3 × S 3 with constant sectional curvature was obtained in [9] . Also in [9] , the authors established the following interesting characterization of totally geodesic Lagrangian submanifolds in terms of the angle functions.
Lemma 2.2 (Lemma 3.8 of [9] ). If two of the angles {θ 1 , θ 2 , θ 3 } are equal modulo π, then the Lagrangian submanifold is totally geodesic.
We remark that the totally geodesic Lagrangian submanifolds in the homogeneous NK S 3 × S 3 have been classified in [28] . Actually such a Lagrangian submanifold is locally given by one of the immersions {f i } 6 i=1 described in the Main Theorem.
Proof of Theorem 1.2
To give a proof of Theorem 1.2, we are sufficient to consider the "only if" part. Let M be an isotropic Lagrangian submanifold of a 6-dimensional strict NK manifold. Suppose on the contrary that the assertion is not true, then we have a point p ∈ M such that it is not totally geodesic. Consider the function F defined on the unit sphere , v) , Jv). Noting that the cubic form g(h(·, ·), J·) is totally symmetric (cf.
h(e 1 , e j ) = µ j Je j , j = 1, 2, 3, where µ 1 is the maximum of the function F on U p M . As M satisfies the condition
we derive from (3.1) and (3.2) that µ 1 = µ ≥ 0. From the relation (3.2) we also have (see (3.2) in [19] ):
for all orthonormal vectors x, y. Now in (3.3) taking x = e 1 , y = e j for j = 2 and j = 3, respectively, then using (3.1) we derive µ 2 − µµ j − 2µ 2 j = 0. Solving this equation for µ j , we get µ j = −µ, or µ j = 1 2 µ. From Theorem A of [24] we know that M is minimal, thus we have 0 = g(h(e 1 , e 1 ) + h(e 2 , e 2 ) + h(e 3 , e 3 ), Je 1 ) = µ + µ 2 + µ 3 , which, together with the previous relations, yields µ = 0. Hence, by (3.2), we easily derive h(u, v) = 0 for all tangent vector u and v, i.e., M is totally geodesic at p, we get the desired contradiction.
Implications of the J-isotropic condition
Now we assume that M is a J-isotropic Lagrangian submanifold in the homogeneous NK S 3 × S 3 , such that
where λ is a function on M . First of all, for later use we present an equivalent condition of the J-isotropic property (4.1). For notational simplicity, in sequel we will use the symbol S to denote cyclic sum. 
where Y, Z, W, V are any vector fields tangent to M .
Proof. It is easily seen that the "if" part is trivial. Now, we consider the "only if" part. Taking v = a 1 Y + a 2 Z + a 3 W + a 4 V for arbitrary real numbers {a 1 , a 2 , a 3 , a 4 } in (4.1), and comparing the coefficient of the term a 1 a 2 a 3 a 4 , we obtain From (4.7) and (2.10), we obtain the expression (4.2) immediately.
Next, to achieve further implications of the J-isotropic condition (4.1), we differentiate the equation (4.2). Then, using (2.6), we can get 
where I(X, Y, Z, W, V ) is defined by Proof. This is a direct consequence of (4.8) and the following Ricci identity
In fact, the totally symmetry of g(h(·, ·), J·) implies that
from which we obtain the term
in (4.9) immediately. Next, the Codazzi equation implies that
by which, and using (2.10), we get
(4.12)
Thus the term
in (4.9) is derived. The remaining terms in (4.9) can be easily obtained by direct calculations.
Examples of J-isotropic and non-totally geodesic
As have been shown in [9] , the two Lagrangian immersions f 7 and f 8 into S 3 × S 3 (see Main Theorem for their definitions) are of constant sectional curvature 3/16 and zero, respectively. Moreover, both of them are not totally geodesic.
In this section, we further show that these two immersions are the simplest examples next to the totally geodesic. Precisely, we have the following fact:
Proposition 5.1. The immersions f 7 and f 8 are both J-isotropic with λ = 0, i.e., they are in fact J-parallel.
Proof. According to the calculations in [9] , with respect to the frame field {e 1 , e 2 , e 3 } that is assumed satisfying (2.19), we have Moreover, the angles of f 7 and f 8 are both given by
As h k ij and ω k ij are constant for both immersions, we calculate that
To complete the proof, we next show that (4.2) holds for f 7 and f 8 with λ = 0. In fact, using (5.5), we see that (4.2) becomes equivalent to the following:
+ 2 g(P e i , e j )g(P Je k , e l ) − g(P Je i , e j )g(P e k , e l ) + g(P e i , e k )g(P Je l , e j ) − g(P Je i , e k )g(P e l , e j ) + g(P e i , e l )g(P Je j , e k ) − g(P Je i , e l )g(P e j , e k ) − 4λ g(e i , e j )g(e k , e l ) + g(e i , e k )g(e l , e j ) + g(e i , e l )g(e j , e k ) = 0, ∀ i, j, k, l.
Noticing that at least two indices of {i, j, k, l} are the same, by the facts (5.1)-(5.3), we easily see that (5.6) holds for arbitrary λ when {i, j, k, l} = {1, 2, 3}, or three elements of {i, j, k, l} are equal.
Therefore, to show that f 7 and f 8 are J-parallel, it is sufficient to prove that (5.6) holds for λ = 0 in the three cases:
As the calculations for the above three cases are straightforward and totally similar, in below we will only taking for example treat the case i = j = k = l. In this case, the equation (5.6) reduces to
Using the facts (5.1) and (5.2), we further see that (5.7) becomes equivalent to
From the fact (5.3), now it is trivial to check that (5.8) does hold for λ = 0. This completes the proof of Proposition 5.1.
Proof of the Main Theorem
For simplicity consideration, let us denote R ijkl = g(R(e i , e j )e k , e l ). First, we take X = e 2 , Y = Z = W = e 1 and V = e 3 in (4.9) to obtain where I = I(e 2 , e 1 , e 1 , e 1 , e 3 ) is given by I =g(P e 1 , h(e 2 , e 3 ))g(P Je 1 , e 1 ) + g (∇ e2 P )e 1 + P h(e 2 , e 1 ), e 3 g(P Je 1 , e 1 )
+ g(P e 1 , e 1 ) g(P Je 1 , h(e 2 , e 3 )) + g(P Je 3 , h(e 2 , e 1 )) + g(P e 1 , e 1 )· g((∇ e2 (P J))e 1 + P Jh(e 2 , e 1 ), e 3 ) + g((∇ e2 (P J))e 3 + P Jh(e 2 , e 3 ), e 1 )
− g(P e 2 , h(e 1 , e 3 ))g(P Je 1 , e 1 ) − g (∇ e1 P )e 2 + P h(e 1 , e 2 ), e 3 g(P Je 1 , e 1 )
− g(P Je 1 , h(e 2 , e 3 ))g(P e 1 , e 1 ) − g (∇ e2 (P J))e 1 + P Jh(e 2 , e 1 ), e 3 g(P e 1 , e 1 )
− g(P Je 1 , e 1 ) g(P e 1 , h(e 2 , e 3 )) + g(P e 3 , h(e 2 , e 1 ))
− g(P Je 1 , e 1 ) g((∇ e2 P )e 1 + P h(e 2 , e 1 ), e 3 ) + g((∇ e2 P )e 3 + P h(e 2 , e 3 ), e 1 ) + g(P Je 2 , h(e 1 , e 3 ))g(P e 1 , e 1 ) + g (∇ e1 (P J))e 2 + P Jh(e 1 , e 2 ), e 3 g(P e 1 , e 1 ). 2, 3 , the above expression reduces to that
− µ 1 g((∇ e1 P )e 2 , e 3 ) + g((∇ e2 P )e 3 , e 1 ) + λ 1 g((∇ e1 (P J))e 2 , e 3 ) + g((∇ e2 (P J))e 3 , e 1 ) .
Moreover, by use of the formulas (2.8) and (2.9), we have the calculations:
Substituting (6.13) into (6.12) yields
(6.14)
Putting (6.14) into (6.4), with the fact that λ = 0, we eventually obtain 12 R 2113 (h 
Completion of the proof of the Main Theorem. If M is a totally geodesic Lagrangian submanifold of the homogeneous NK S 3 × S 3 , then it is trivially J-isotropic, in that case, according to the classification theorem of [28] , M should be given by one of immersions {f i } 6 i=1 . Next, we assume that M is J-isotropic but not totally geodesic. We are sufficient to prove that M is given by the immersion f 7 or f 8 .
As we have already proved that λ = 0, the relations λ i = cos 2θ i and µ i = sin 2θ i enable us to rewrite the equations (6.8), (6.9) and (6.10) as below:
From (6.16), we are sufficient to consider the following three cases.
Case-I. For any distinct i, j, k, it hold the relations
In this case, we have θ i + θ j − 2θ k ≡ 0 mod π, for any distinct i, j, k. Noting that by Lemma 2.1, θ 1 + θ 2 + θ 3 ≡ 0 mod π. It follows that all the angles θ i ≡ 0 mod π/3. As M is not totally geodesic, then by Lemma 2.2 all the angles are different modulo π. Case-II. In {cos(θ 2 − θ 1 ), cos(θ 3 − θ 2 ), cos(θ 1 − θ 3 )} exactly one is zero, say cos(θ 2 − θ 1 ) = 0, cos(θ 3 − θ 2 ) = 0, cos(θ 1 − θ 3 ) = 0, and thus sin(θ 3 + θ 2 − 2θ 1 ) = sin(θ 1 + θ 3 − 2θ 2 ) = 0.
In this case, we have (6.21)
mod π, θ 3 + θ 2 − 2θ 1 ≡ 0 mod π, θ 1 + θ 3 − 2θ 2 ≡ 0 mod π.
As by Lemma 2.1 we also have θ 1 +θ 2 +θ 3 ≡ 0 mod π, which is clearly a contradiction to (6.21) . Hence Case-II does not occur.
Case-III. At least two elements of {cos(θ 2 − θ 1 ), cos(θ 3 − θ 2 ), cos(θ 1 − θ 3 )} are zero, say cos(θ 2 − θ 1 ) = cos(θ 1 − θ 3 ) = 0.
In this case, it holds that θ 2 − θ 1 ≡ π 2 mod π,
This yields that θ 2 − θ 3 ≡ 0 mod π, and then by Lemma 2.2 we know that M is totally geodesic. This is a contradiction to our assumption. Hence Case-III does not occur either.
In conclusion, we have completed the proof of the Main Theorem.
